Abstract. This paper contains some new results on harmonic analysis on finite Heisenberg groups. We compute the dual and obtain further consequences, not restricting ourselves to finite fields or to finite local rings. We give an outlook on harmonic analysis on special finite nilpotent groups of class 3. We also recall the use of nilpotent groups in various areas of mathematics and mathematical physics.
Introduction
This paper is devoted to harmonic analysis on finite nilpotent Heisenberg groups and related number-theoretic consequences. The topic goes back to the visionary article of Auslander and Tolimieri [3] . It is well known that "the" Heisenberg group appears in various areas, such as quantum theory (uncertainty principle, commutation relations [6, 8] ), signal theory (Gabor expansions, Zak transforms, radar cross-ambiguity functions [16] ), theory of theta functions [6, 27] , and number theory. The finite counterparts, especially finite Zak transforms and finite Gabor expansions, are also of great interest. Unfortunately, harmonic analysis on finite Heisenberg groups, an easy exercise at first sight, is rather complex when not restricted to fields. The complete determination of the dual of finite Heisenberg groups appeared in [18] . Related peculiar equations involving greatest common divisors were first presented in [17] . Another, less constructive, treatment can be found in [10] . The structure of the paper is as follows. In Section 2 we describe finite Heisenberg groups and their algebraic structure. In Section 3.1 we specify a complete set of inequivalent irreducible representations and note related commutation relations. In Section 3.2 we identify (generalized) Fourier transforms as intertwining operators and consider "correct" representation spaces. In Section 3.3 we discuss the "right" parametrization of the dual and related number-theoretic curiosities. In Section 3.4 we give an outlook on harmonic analysis on finite nilpotent "quantum Galilei groups". The references are complemented with some articles on theoretical physics with explicit or implicit usage of finite Heisenberg groups. The restriction to finite phase spaces in quantum mechanics [5, 21−23] is already found in the classical book of Hermann Weyl [24] ; see chapter IV, part D, on quantum kinematics.
We assume that the reader is familiar with induced representations [18, 20] . We refer to [17] for the Jordan totient ϕ 2 : IN −→ IN,
(a generalization of Euler's ϕ− function), which is used in Section 3.3.
Basic facts
Let Z Z n be the cyclic group Z Z/nZ Z of order n ∈ IN. We define the finite Heisenberg group H(Z Z n ) as the set
with the ordinary product of matrices:
is a nilpotent group of class 2 and of order |H(Z Z n )| = n 3 . The center is given by Z := {(0, 0, z) | z ∈ Z Z n }. A simple computation shows the following.
Lemma 1
The finite Heisenberg group H(Z Z n ) is the internal semi-direct product of the Abelian normal subgroup N := {(0, y, z) | y, z ∈ Z Z n } with the subgroup
The appropriate homomorphism α :
H(Z Z n ) = K 1 N 1 can equally be regarded as the internal semi-direct product of the Abelian normal subgroup
with the subgroup
Another presentation is given by the semi-direct product (
, where E n denotes the cyclic group of roots of unity of order n. Via the generalized Fourier transform, the complex group algebra | CH(Z Z n ) is isomorphic to a direct sum of simple matrix algebras. Therefore we need a complete set of inequivalent irreducible representations of H(Z Z n ). We do not restrict to prime n nor to powers of a prime n.
Results

Determination of the dual
We start the "Mackey machine" [11, 19] :
Theorem 2 Let the finite group G = N K be a semi-direct product of the Abelian normal subgroup N with a subgroup K. Let X = Hom(N, | C * ) be the dual group of N , i.e. the group of one-dimensional characters of N . The group G acts on X by conjugation:
Let (ρ i ) i∈X/K be a system of representatives for the orbit of K in X, and let K i be the stabilizer of
This is the method of "little groups" of Mackey/Wigner [11, 19, 25] ; for further details see [18] . With the number theoretic results of [17] , we will get two different pictures of the dual of H(Z Z n ): a parametrized dual according to the orbit method [13, 16] , and a correspondence between the conjugacy classes and the elements of the dual.
We start with the Abelian normal subgroup N := {(0, y, z) | y, z ∈ Z Z n }. The n 2 characters are:
We need a system of representatives for the orbits of K in X. Obviously there is at least one orbit for each γ. We analyze three cases:
We get n orbits ρ 0,0 , . . . , ρ n−1,0 of length 1; the stabilizer is always
We get one orbit of length n; the stabilizer of each element of the orbit is the trivial subgroup {(0, 0, 0)}.
3. gcd(γ, n) =: τ γ , with 1 < τ γ < n : For each γ we get τ γ orbits of length n/τ γ . Let γ be fixed and let ρ β,γ be a representative of an orbit (k = 0). It suffices to vary β ∈ {0, . . . , τ γ − 1}. The stabilizer of the representative ρ β,γ is independent of β and given by
For a stabilizer K γ we have τ γ := gcd(γ, n) characters:
We follow the "little groups" method and define subgroups of G:
we extend ρ β,γ and σ γ,α to G γ . We then get all irreducible representations of G with the formula:
The index of G γ in G is n/τ γ , so the induced representation from above has dimension n/τ γ , which depends on γ. A decomposition of G into right cosets with respect to G γ is
Now we can write down the matrices of these representations:
For fixed γ ∈ Z Z n with α, β ∈ {0, . . . , τ γ − 1}; τ γ := gcd(γ, n):
θ γ (α,β) (x, y, z) can be decomposed according to the following formula: 
we get exactly one representation with dimension n. In all there are ϕ(n) representations of dimension n, and they are essentially composed of time and frequency shifts ( [3, 5, 24] ). For γ = 0 or τ γ = n we get n 2 one-dimensional representations -comparable to the harmonic analysis on Z Z n ×Z Z n .
The representations with 1 < gcd(γ, n) < n and α > 0 deserve special attention. In these cases, θ γ (α,β) (1, 0, 0) is a special Toeplitz matrix. Recall that the matrices which commute with such a matrix
with k ∈ | C and |k| = 1 are called "k−circulant matrices" [7] .
We need a special δ−symbol for the character formulas:
Definition 1 On the cyclic group Z Z n we define for t|n the function δ n t : Z Z n → | C with δ n t (s) := 1 :
n t |s ⇔ st ≡ 0 mod n 0 : otherwise We have #{s ∈ Z Z n | δ n t (s) = 1} = gcd(t, n) = t. Picture of the (α, β, γ)-parametrized dual of H(Z Z 4 ). The circles denote the inequivalent irreducible representations. For fixed γ ∈ Z Z 4 we have gcd(γ, 4) 2 representations, namely for α, β ∈ {0, . . . , gcd(γ, 4)−1}. The blank circles denote the four "degenerate" two-dimensional representations.
Proof: For each γ ∈ Z Z n we have found (gcd(γ, n)) 2 inequivalent irreducible representations of dimension n/ gcd(γ, n) with the little groups method. The number of the γ ∈ Z Z n with gcd(γ, n) = d is ϕ( Corollary 4 For all γ ∈ Z Z n and for all α, β ∈ {0, . . . , gcd(γ, n) − 1} we have
In particular it follows that
Intertwining operators
Analogously to Section 3.1 we can start with the Abelian normal subgroup N 1 := {(x, 0, z) | x, z ∈ Z Z n } and obtain for each representation θ γ (α,β) an equivalent representation θ γ (α,β) .
θ γ (α,β) (x, y, z) can be decomposed as follows:
The equivalence of the representations θ γ (α,β) (x, y, z), θ γ (α,β) (x, y, z) for fixed γ and for fixed (α, β) ∈ Z Z τγ × Z Z τγ is easily checked through their characters.
We are interested in the intertwining operators F γ (α,β) with
now. For α = β = 0 this is essentially a discrete Fourier transform of length n/τ γ (with a permutation by γ/τ γ ∈ Z Z n/τγ * ). We describe the intertwining operators without proof:
Definition 2 Let n ∈ IN and γ ∈ Z Z n be fixed. We assume τ γ := gcd(γ, n), and we define mappings
βs e 2πi n γks ;
γkt .
Looking at the appropriate matrices one sees that F γ (α,β) is unitary and the inversion formula One could ask now for the "correct" representation spaces for θ γ (α,β) (x, y, z) and θ γ (α,β) (x, y, z).
The induction process in our calculation supplies candidates:
Here each element of V γ (α,β) has the property:
Only the n−dimensional representations θ γ (0,0) with γ ∈ Z Z n * are faithful (injective). We leave unanswered the question about the kernels of the remaining representations.
A second picture of the dual
The relations between the conjugacy classes of a group and its dual are not yet completely clear, see [12] . We construct a correspondence for the case of a finite Heisenberg group and obtain some peculiar equations involving the greatest common divisor [17] . In the first instance we determine the conjugacy classes of H(Z Z n ). For this we look at (α, β, γ)(a, b, c)(−α, −β, αβ − γ) = (a, b, c + αb − βa) for fixed a, b ∈ Z Z n . Let c = 0 be fixed; for each (a, b) ∈ Z Z 2 n the equivalence αb − βa ≡ q mod n is solvable ⇔ ∃k ∈ Z Z : αb − βa + kn = q ∈ {0, . . . , n − 1} ⇔ gcd(a, b, n)|q yields gcd(a, b, n) conjugacy classes. For fixed (a, b) ∈ Z Z 2 n the length of the conjugacy classes is n/ gcd(a, b, n). We get a representative (a, b, c) ∈ H(Z Z n ) of each class with c = 0, . . . , (gcd(a, b, n) − 1).
With the number-theoretical results of [17] we can enliven the following hypothetical formula:
it is trivial. The sum can be reorganized as follows:
For fixed d|n, the number of the d The picture illustrates the conjugation classes of H(Z Z 4 ) with vertical lines. The circles denote the inequivalent irreducible representations, the blank circles denote the four "degenerate" two-dimensional representations.
Outlook
The continuous Heisenberg group and each finite Heisenberg group can be regarded as a normal subgroup of a so-called quantum Galilei group [21] . We refer the reader to the survey of Kirillov [13] and the work of Klink [14] on anharmonic oscillators. A quantum Galilei group is a nilpotent (Lie)-group of class 3, and its Lie algebra is the only 4-dimensional nilpotent Lie algebra which does not split into a direct sum of ideals [13] . The group operation is given by: (x, y, z, t)(x , y , z , t ) = (x + x , y + y + 2t x, z + z + xy + t x 2 , t + t ) or, in a more general form, for x i , y i ∈ IR m ; z i , t i ∈ IR ; i = 1, 2, (For the finite case this is treated componentwise mod n. This yields to a group of order n 4 , or n 2m+2 in the general form.) The inverse element is given by (x, y, z, t) −1 = (−x, −y + 2tx, −z+ < x, y > −t x 2 , −t).
A finite quantum Galilei group can be regarded as a semi-direct product of Abelian groups (Z Z n × Z Z n × Z Z n ) α Z Z n ; α(k) = These groups are candidates for the continuation of our investigations. The number-theoretical questions occurring are quite difficult.
